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Dynamic behavior of two-span columns with uncertain imperfections is studied. The initial imperfections
are modeled as belonging to ellipsoidal set. The maximum and minimum responses of the structure are
determined via the convex analysis. The maximum response then is regulated by suitable choice of the
support location. Speciﬁcally, we determine the location of the support so as to yield the minimum of
the maximum response. By this means we minimize, by support placing, the worst, anti-optimized
response of the structure, and thus increase its safety. Whereas there are studies devoted to uncertain
imperfections, as well as to free vibration of structures with additional supports, the present study
appears to be the ﬁrst one that introduces the idea of regulation by support placing in structures with
uncertain imperfections.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
During exploitation of various structures the problem of regu-
lating their dynamic behavior often arises. Namely, researchers
study variation patterns of different response parameters of the
structure so that it exhibits the maximum, the minimum, or a
preselected behavior. This task is most frequently performed via
structural optimization, i.e., choosing the suitably varying
cross-sectional area or mechanical characteristics so that the
desired response or eigenvalue is achieved. Regulation via proper
assigning of the cross-sectional area was studied, for example, by
Katsikadelis and Tsiatas (2006). The choice of elastic modulus
variation so that the tailored, desired behavior is resulting was
studied by Elishakoff (2005) in his monograph, where various
problems of vibration and buckling were solved so as to achieve
the eigenvalue that is either below or above a speciﬁed level.
There is an alternative way of regulating the vibration behavior.
It is achieved by placing additional support(s) at suitable loca-
tion(s). This does not necessarily demand the shape optimization
to be conducted in conjunction with it. Such a regulation was stud-
ied in static and in buckling contexts, in the book by Abovskii et al.
(1993), and well as in several papers namely, by Prager and Rozv-
any (1975), Rozvany and Mroz (1977), Szelag and Uróz (1978),
Åkesson and Olhoff (1988), Dekhtiar (1991), Wang et al. (1992),ll rights reserved.Liu et al. (1994), Won and Park (1998), Neuringer and Elishakoff
(1998), Liu, Hu and Huang (2000) and others.
In this study, we regulate the behavior by changing the location
of the additional support, by this means we minimize the least
favorable response. We investigate a two-span beam that pos-
sesses initial imperfections. The initial imperfections constitute
an uncertain ﬁeld such that the corresponding Fourier coefﬁcients
belong to the ellipsoidal set. We determine maximum and mini-
mum possible displacement of the beam subject to the constraint
that the Fourier coefﬁcients of the imperfections vary within a gi-
ven ellipsoid but otherwise are arbitrary. These responses depend
explicitly on the support location. From the point of view of struc-
tural safety the maximum structural response is the characteristic
that is responsible for possible failure. Hence it should be made as
small as possible. The purpose of this study is to ﬁnd the optimum
location of the support. The general methodology of this paper falls
within combined anti-optimization (Ben-Haim and Elishakoff,
1990; Qiu andWang, 2005) and optimization (Elishakoff and Ohsa-
ki, 2010). Here the additional support location is chosen as the
optimizing, regulating parameter of the anti-optimized response.
It must be stressed that to the best of the author’s knowledge this
is the ﬁrst study that deals with regulation of dynamic behavior of
imperfection structures.2. Free vibration of perfect two-span column
We ﬁrst consider the free vibration of an uniform beam of
length L with an additional support placed at the location x = a.
The governing differential equation reads
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d4w
dx4
 qAx2w ¼ 0 ð1Þ
where w(x) = mode shape, E = modulus of elasticity, I = moment of
inertia, q = material density, A = cross-sectional area, x = natural
frequency, x = axial coordinate.
The solution for the mode shape is denoted as w1(x) in the re-
gion 0 6 x 6 a, whereas it is designated as w2(x) in the region
a 6 x 6 L. We introduce two local coordinate systems. The ﬁrst sys-
tem is associated with the ﬁrst span of the beam. The axial coordi-
nate in the ﬁrst span is denoted x1; it varies in the range 0 6 x1 6 a.
The axial coordinate in the second span is denoted x2. It varies in
the range 0 6 x2 6 L a. The boundary conditions read:
w1 ¼ 0; d
2w1
dx2
¼ 0 at x1 ¼ 0
w2 ¼ 0; d
2w2
dx2
¼ 0 at x2 ¼ L a
ð2Þ
The continuity conditions are
w1ðaÞ ¼ w2ð0Þ ¼ 0
dw1ðaÞ
dx1
¼ dw2ð0Þ
dx2
d2w1ðaÞ
dx21
¼ d
2w2ð0Þ
dx22
ð3Þ
The expressions for w1(x1) and w2(x2) are
w1ðx1Þ¼C1 sinðkx1ÞþC2 cosðkx1ÞþC3 sinhðkx1ÞþC4 coshðkx1Þ ð4Þ
w2ðx2Þ¼D1 sinðkx2ÞþD2 cosðkx2ÞþD3 sinhðkx2ÞþD4 coshðkx2Þ ð5Þ
where Cj and Dj are constants of integration, and
k ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qAx2=EI4
q
ð6Þ
Satisfaction of the four boundary conditions and four continuity
conditions for eight constants of integration leads to the transcen-
dental characteristic equation
sinðkLÞsinhðkaÞsinh½kðLaÞþsinðkaÞsin½kðLaÞsinhðkLÞ¼0 ð7Þ
With notation kL = c, we get a transcendental equation which con-
tains the ratio a = a/L, of the additional support location to the total
length of the beam, as a parameter:
sinðcÞsinhðcaÞsinh½cð1aÞþsinðcaÞsin½cð1aÞsinhðcÞ¼0 ð8Þ
The corresponding mode shapes read
W1nðg1Þ ¼ C1 sinðcng1Þ þ C3 sinhðcng1Þ; for 0 6 g1 6 a ð9Þ
W2nðg2Þ ¼ D1 sinðcng2Þ þ D2½cosðcng2Þ  coshðcng2Þ
þ D3 sinhðcng2Þ; for 0 6 g2 6 1 a ð10Þ
where gi = xi/L is the non-dimensional axial coordinate in ith coor-
dinate system. Moreover,
C1¼¼1
C3¼tanh½cð1aÞ=tanh½cð1aÞ
D1¼½1þ tanhðcð1aÞÞ  ðcothðcaÞcotðcaÞÞsinðcaÞ=tanh½cð1aÞ
D2¼ tanh½cð1aÞsinðcaÞ=tanh½cð1aÞ
D3¼ sinðcaÞ=tanh½cð1aÞ
ð11Þ3. Vibration of a column with initial imperfection
Consider now the case when the column is not perfect; in other
words, it contains geometric imperfections.
The governing differential equation in new circumstance
readsEI
@4w
@x4
þ P @
2w
@x2
þ qA @
2w
@t2
¼ P d
2w0
dx2
ð12Þ
where w0(x) is an initial imperfection, namely, the deviation of the
column’s axis from the straight position, P is the axial force, t = time.
In addition to the boundary conditions in Eq. (2) and compatibility
conditions in Eq. (3) one also imposes initial conditions, as follows:
wðx; tÞ ¼ @w
@t
¼ 0 at t ¼ 0 ð13Þ
We introduce following non-dimensional quantities
/ ¼ w0ðxÞ=D; u ¼ wðx; tÞ=D; g ¼ x=L; g 2 ½0;1 ð14Þ
whereD = radius of inertia of the column’s cross-sectionD = (I/A)1/2;
g = non-dimensional axial coordinate; moreover, the non-dimen-
sional time coordinate is chosen as
s ¼ x1t ð15Þ
where
x1 ¼ pL
 2 ﬃﬃﬃﬃﬃﬃEI
qA
s
ð16Þ
is the fundamental natural frequency of the associated perfect beam
that is simply supported at its ends x = 0 and x = L without additional
support and without axial force. In addition, a non-dimensional
force ratio is introduced,
d ¼ P=Pcr ð17Þ
where
Pcr ¼ p2EI=L2 ð18Þ
is the critical, Euler load of an uniform column of length L that is
simply supported at both ends, without an intermediate support.
The non-dimensional governing differential equation becomes
@4u
@g4
þ p2d @
2u
@g2
þ p4 @
2u
@s2
¼ p2d @
2/
@g2
ð19Þ
Wewill ﬁrst deal with the solution of the deterministic problem
when the initial imperfection function w0 in Eq. (12) or / in Eq.
(19) are fully speciﬁed.
4. Solution of deterministic problem
We expand the initial imperfection function /ðgÞ in terms of the
mode shapes Wn(g) of the associated problem without initial
imperfections:
/ðgÞ ¼
X1
n¼1
AnWnðgÞ ð20Þ
Alternatively, we write for each span
/ðgÞ ¼
X1
n¼1
AnW1nðgÞ; for 0 6 g 6 a
X1
n¼1
AnW2nðgÞ; for 0 6 g 6 1 a
8>>><
>>>>:
ð21Þ
Likewise, the additional displacement u(g, s) is expanded as
follows
uðg; sÞ ¼
X1
n¼1
GnðsÞW1nðgÞ; for 0 6 g 6 a
X1
n¼1
GnðsÞW2nðgÞ; for 0 6 g 6 1 a
8>><
>>>:
ð22Þ
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which the initial imperfection constitutes a linear combination of
the ﬁrst two free vibration modes, so that in Eq. (20) instead of inﬁ-
nite number of terms, only two terms are present. Thus, we have to
also retain two terms in the series in Eq. (22). We substitute Eqs.
(21) and (22) into the governing differential Eq. (19), multiply
the result by the function W1(g) and integrate from 0 to 1. We
get the following ordinary, second-order differential equation for
Gi(s) with respect to the non-dimension time coordinate:
d2G1ðsÞ
ds2
þ ½j1 þ dj2G1ðsÞ þ dj3G2ðsÞ ¼ dj2A1  dj3A2 ð23Þ
Likewise, substituting Eqs. (21) and (22) into Eq. (19) and mul-
tiplying the result by W2(g) and integrating over the length of the
column yields, a second equation:
d2G2ðsÞ
ds2
þ ½h1 þ dh2G2ðsÞ þ dh3G1ðsÞ ¼ dh3A1  dh2A2 ð24Þ
In Eqs. (23) and (24) the following notation is utilized for the in-
ner product of two functions f1(g) and f2(g)
ðf1; f2Þ ¼
Z 1
0
f1ðgÞf2ðgÞdg ð25Þ
In addition,
j1 ¼
W IV1 ;W1ð Þ
p4 W1 ;W1ð Þ ; j2 ¼
W 001 ;W1ð Þ
p2 W1 ;W1ð Þ ; j3 ¼
W 002 ;W1ð Þ
p2 W1 ;W1ð Þ
h1 ¼ W
IV
2 ;W2ð Þ
p4 W2 ;W2ð Þ ; h2 ¼
W 002 ;W2ð Þ
p2 W2 ;W2ð Þ ; h3 ¼
W 001 ;W2ð Þ
p2 W2 ;W2ð Þ
ð26Þ
We look for the complementary solution in the form
Gc1ðsÞ ¼ Beks; Gc2ðsÞ ¼ Ceks ð27Þ
From Eqs. (23) and (24), we obtain
B k2 þ j1 þ dj2
 þ Cdj3 ¼ 0
Bdh3 þ C k2 þ h1 þ dh2
  ¼ 0 ð28Þ
leading to the determinantal equation
k2 þ j1 þ dj2 dj3
dh3 k
2 þ h1 þ dh2

 ¼ 0 ð29Þ
which represents a biquadratic equation for k
k4 þ k2ðh1 þ dh2 þ j1 þ dj2Þ þ ðj1 þ dj2Þðh1 þ dh2Þ  d2J3h3 ¼ 0 ð30Þ
The solution for k2 reads
k2I;II ¼
1
2
h1  j1  h2d j2d
ﬃﬃﬃ
R
ph i
ð31Þ
where
R ¼ h1 þ j1 þ h2dþ j2dð Þ2
 4 h1J1 þ h2J1dþ h1J2dþ h2J2d2  h3J3d2
  ð32Þ
is the discriminant. We are interested with the roots of the equation
R ¼ 0 ð33Þ
with respect to d. The roots di (i = 1, 2) can be written as
d1;2 ¼ h1h2 þ h2J1 þ h1J2  j1J2  2
ﬃﬃ
s
p
h22  2h2J2 þ j22 þ 4h3J3
ð34Þ
where s is the discriminant
s ¼ h21h3J3 þ 2h1h3J1J3  h3J21J3 ð35Þ
If s 6 0, d1,2 are complex numbers. If s > 0, we derive two intervals of
d. In one R < 0, whereas in the other one RP 0:R < 0 for d 2 ðd1; d2Þ ð36Þ
RP 0 for d 2 ½0; d1 [ ½d2;þ1 ð37Þ
From Eq. (31) we deduce that the roots of k2I;II in Eq. (31) consti-
tute complex numbers if satisﬁes condition Eq. (36), and can be de-
leted (because of Eq. (31)). Now we need to discuss the solution
under the condition given in Eq. (37). Let us consider the following
equations:
k2I ¼
1
2
h1  j1  h2d j2d
ﬃﬃﬃ
R
ph i
¼ 0 ð38Þ
k2II ¼
1
2
h1  j1  h2d j2dþ
ﬃﬃﬃ
R
ph i
¼ 0 ð39Þ
The solution d of Eq. (38) reads
d ¼ k1 ð40Þ
whereas the solution d of Eq. (39) is
d ¼ k2 ð41Þ
Comparison of these two solutions leads to two possible
conclusions:
k1 < k2 or k1 > k2 ð42Þ
From Eq. (28) we get
C ¼ B k
2 þ j1 þ dj2
dj3
ð43Þ
We consider cases indicated in Eq. (42).
Case 1: d 2 ð0; k1Þ; k1 < k2 or d 2 ð0; k2Þ; k1 > k2, the solutions for
kI, kII, G
c
1 and G
c
2 are
kI ¼ ir1 ¼ i
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
h1 þ j1 þ h2dþ j2dþ
ﬃﬃﬃ
R
p r ﬃﬃﬃ
2
p ð44Þ
kII ¼ ir2 ¼ i
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
h1 þ j1 þ h2dþ j2d
ﬃﬃﬃ
R
p r ﬃﬃﬃ
2
p ð45Þ
GC1 ¼B1 sin jr1jsð ÞþB2 cos jr1jsð ÞþB3 sin jr2jsð ÞþB4 cos jr2jsð Þ ð46Þ
GC2 ¼ 
r21 þ j1 þ dj2
dj3
B1 sin jr1jsð Þ þ B2 cos jr1jsð Þ½ 
 r
2
2 þ j1 þ dj2
dj3
B3 sin jr2jsð Þ þ B4 cos jr2jsð Þ½  ð47Þ
Case 2: This case is associated with two subcases.
(1) d 2 ½k1; k2; k1 < k2, the solutions for kI, kII, Gc1 and Gc2 are
kI ¼ r1 ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
h1  j1  h2d j2d
ﬃﬃﬃ
R
pq
ﬃﬃﬃ
2
p ð48Þ
kII ¼ i  r2 ¼ i
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
h1  j1  h2d j2dþ
ﬃﬃﬃ
R
pq
ﬃﬃﬃ
2
p ð49Þ
Gc1¼B1 sinðr1sÞþB2 cosðr1sÞþB3 sinh jr2jsð ÞþB4 cosh jr2jsð Þ ð50Þ
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r21 þ j1 þ dj2
dj3
B1 sinðr1sÞ þ B2 cosðr1sÞ½ 
 r
2
2 þ j1 þ dj2
dj3
B3 sinhðr2sÞ þ B4 coshðr2sÞ½  ð51Þ
(2) d 2 ½k2; k1; k1 > k2, the solutions for kI, kII, Gc1 and Gc2 arekI ¼ i  r1 ¼ i
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
h1  j1  h2d j2d
ﬃﬃﬃ
R
pq
ﬃﬃﬃ
2
p ð52ÞkII ¼ r2 ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
h1  j1  h2d j2dþ
ﬃﬃﬃ
R
pq
ﬃﬃﬃ
2
p ð53ÞGc1 ¼ B1 sin jr1jsð Þ þ B2 cos jr1jsð Þ þ B3 sinhðr2sÞ
þ B4 coshðr2sÞ ð54ÞGc2 ¼ 
r21 þ j1 þ dj2
dj3
B1 sinðr1sÞ þ B2 cosðr1sÞ½ 
 r
2
2 þ j1 þ dj2
dj3
B3 sinhðr2sÞ þ B4 coshðr2sÞ½  ð55ÞCase3: d 2 ½k2;þ1; k1 < k2 or d 2 ½k1;þ1; k1 > k2, the solutions
for kI , kII , G
c
1 and G
c
2 are
kI ¼ r1 ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
h1  j1  h2d j2d
ﬃﬃﬃ
R
pq
ﬃﬃﬃ
2
p ð56Þ
kII ¼ r2 ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
h1  j1  h2d j2dþ
ﬃﬃﬃ
R
pq
ﬃﬃﬃ
2
p ð57Þ
Gc1¼B1 sinhðr1sÞþB2 coshðr1sÞþB3 sinhðr2sÞþB4 coshðr2sÞ ð58Þ
Gc2 ¼ 
r21 þ j1 þ dj2
dj3
½B1 sinðr1sÞ þ B2 cosðr1sÞ  r
2
2 þ j1 þ dj2
dj3
 ½B3 sinhðr2sÞ þ B4 coshðr2sÞ ð59Þ
Now we look for the particular solution of Eqs. (23) and (24) in
the form
Gp1 ¼ h1A1 þ h2A2
Gp2 ¼ h3A1 þ h4A2
ð60Þ
We substitute Eq. (60) into Eqs. (23) and (24) to obtain
ðh1A1 þ h2A2Þðj1 þ dj2Þ þ ðh3A1 þ h4A2Þ  dj3 ¼ dj2A1  dj3A2
ðh3A1 þ h4A2Þðh1 þ dh2Þ þ ðh1A1 þ h2A2Þ  dh3 ¼ dh3A1  dh2A2
ð61Þ
We derive solution h1 and h3 of Eq. (61) as follows
h1 ¼ dj2ðh1 þ dh2Þ  d
2J3h3
d2J3h3  ðj1 þ dj2Þðh1 þ dh2Þ
ð62Þ
h2 ¼ dj3ðh1 þ dh2Þ  d
2J3h2
d2J3h3  ðj1 þ dj2Þðh1 þ dh2Þ
ð63Þ
h3 ¼ dh3ðj1 þ dj2Þ  d
2J2h3
d2J3h3  ðj1 þ dj2Þðh1 þ dh2Þ
ð64Þh4 ¼ dh2ðj1 þ dj2Þ  d
2J3h3
d2J3h3  ðj1 þ dj2Þðh1 þ dh2Þ
ð65Þ
The general solution of the inhomogeneous Eqs. (23) and (24) is
obtained by the summation of the complementary solution and
particular solution:
G1ðsÞ ¼ Gc1ðsÞ þ Gp1
G2ðsÞ ¼ Gc2ðsÞ þ Gp2
ð66Þ
Under the conditions that imposed at s = 0, the displacement
and its ﬁrst derivative vanish, thus
uðg; sÞjs¼0 ¼ G1ð0ÞW IðgÞ þ G2ð0ÞW IIðgÞ ¼ 0 ð67Þ
@uðg; sÞ
@s

s¼0
¼ G01ð0ÞW IðgÞ þ G02ð0ÞW IIðgÞ ¼ 0 ð68Þ
Wemultiply each side of Eq. (67) withWI(g) andWII(g), respec-
tively, and integrate them along the beam’s length, to get
G1ð0Þ
Z 1
0
W IðgÞW IðgÞdgþ G2ð0Þ
Z 1
0
W IðgÞW IIðgÞdg ¼ 0 ð69Þ
G1ð0Þ
Z 1
0
W IðgÞW IIðgÞdgþ G2ð0Þ
Z 1
0
W IIðgÞW IIðgÞdg ¼ 0 ð70Þ
Likewise, we multiply each side of Eq. (68) by WI(g) and WII(g),
respectively, and integrate them along the beam’s length, to obtain
G01ð0Þ
Z 1
0
W IðgÞW IðgÞdgþ G02ð0Þ
Z 1
0
W IðgÞW IIðgÞdg ¼ 0 ð71Þ
G01ð0Þ
Z 1
0
W IðgÞW IIðgÞdgþ G02ð0Þ
Z 1
0
W IIðgÞW IIðgÞdg ¼ 0 ð72Þ
Using Eqs. (69)–(72), we derive initial conditions for G1(s) and
G2(s) as follows
G1ð0Þ ¼ G2ð0Þ ¼ G01ð0Þ ¼ G02ð0Þ ¼ 0 ð73Þ
Case 1: d 2 ð0; k1Þ ; k1 < k2 or d 2 ð0; k2Þ ; k1 > k2
G1ð0Þ ¼ B2 þ B4 þ Gp1 ¼ 0
G2ð0Þ ¼ r
2
1þj1þdj2
dj3
B2  r
2
2þj1þdj2
dj3
B4 þ Gp2 ¼ 0
G01ð0Þ ¼ jr1jB1 þ jr2jB3 ¼ 0
G02ð0Þ ¼
r21þj1þdj2
dj3
jr1jB1 þ r
2
2þj1þdj2
dj3
jr2jB3 ¼ 0
ð74Þ
Using Eq. (74), and letting
B1 ¼ B3 ¼ 0 ð75Þ
we obtain B2 and B4 as follow:
B2 ¼ R1A1 þR2A2
B4 ¼ R3A1 þR4A2
ð76Þ
where
R1 ¼ j2d½h1ðj1 þ j2dÞ þ d½h3J3dþ h2ðj1 þ j2dÞ  dðh1J2 þ h2J2d h3J3dÞr
2
2
½h1ðj1 þ j2dÞ þ d½h3J3dþ h2ðj1 þ j2dÞðr21  r22Þ
R2 ¼ j3d½h1ðj1 þ j2dÞ þ d½h3J3dþ h2ðj1 þ j2dÞ  dh1J3r
2
2
½h1ðj1 þ j2dÞ þ d½h3J3dþ h2ðj1 þ j2dÞðr21  r22Þ
R3¼j2d½h1ðj1þ j2dÞþd½h3J3dþh2ðj1þ j2dÞþdðh1J2þh2J2dh3J3dÞr
2
1
½h1ðj1þ j2dÞþd½h3J3dþh2ðj1þ j2dÞðr21r22Þ
R4 ¼ j3d½h1ðj1 þ j2dÞ þ d½h3J3dþ h2ðj1 þ j2dÞ þ dh1J3r
2
1
½h1ðj1 þ j2dÞ þ d½h3J3dþ h2ðj1 þ j2dÞðr21  r22Þ
400 I. Elishakoff et al. / International Journal of Solids and Structures 50 (2013) 396–402Substituting Eqs. (75) and (76) into Eq. (66), and utilizing Eqs.
(58) and (59), we determine G1(s) and G2(s) as follow
G1ðsÞ ¼ A1w1ðsÞ þ A2w2ðsÞ
G2ðsÞ ¼ A1A1w3ðsÞ þ A2w4ðsÞ
ð77Þ
where
w1ðsÞ ¼ R1 cosðjr1jsÞ þR3 cosðjr2jsÞ þ h1
w2ðsÞ ¼ R2 cosðjr1jsÞ þR4 cosðjr2jsÞ þ h2
w3ðsÞ ¼ 
r21 þ j1 þ dj2
dj3
R1 cosðjr1jsÞ  r
2
2 þ j1 þ dj2
dj3
R3 cosðjr2jsÞ þ h3
w4ðsÞ ¼ 
r21 þ j1 þ dj2
dj3
R2 cosðjr1jsÞ  r
2
2 þ j1 þ dj2
dj3
R4 cosðjr2jsÞ þ h4
Case 2: d 2 ½k1; k2; k1 < k2 or d 2 ½k2; k1; k1 > k2
G1ð0Þ ¼ B2 þ B4 þ GðpÞ1 ¼ 0
G2ð0Þ ¼ r
2
1þj1þdj2
dj3
B2  r
2
2þj1þdj2
dj3
B4 þ GðpÞ2 ¼ 0
G01ð0Þ ¼ jr1jB1 þ r2B3 ¼ 0
G02ð0Þ ¼
r21þj1þdj2
dj3
jr1jB1 þ r
2
2þj1þdj2
dj3
r2B3 ¼ 0
ð78Þ
Using Eqs. (58), (59), (70), and (72) and solving out for G1(s) and
G2(s) we obtain
G1ðsÞ ¼ A1w1ðsÞ þ A2w2ðsÞ
G2ðsÞ ¼ A1w3ðsÞ þ A2w4ðsÞ
ð79Þ
where, R1, R2, R3 and R4 are as same as case 1.
Moreover
w1ðsÞ ¼ R1 cos jr1jsð Þ þR3 coshðr2sÞ þ h1
w2ðsÞ ¼ R2 cos jr1jsð Þ þR4 coshðr2sÞ þ h2
w3ðsÞ ¼ 
r21 þ j1 þ dj2
dj3
R1 cos jr1jsð Þ  r
2
2 þ j1 þ dj2
dj3
R3 coshðr2sÞ þ h3
w4¼
r21þ j1þdj2
dj3
R2 cosðjr1jsÞ r
2
2þ j1þdj2
dj3
R4 coshðr2sÞþh4
Case 3: d 2 ½k2;þ1; k1 < k2 or d 2 ½k1;þ1; k1 > k2
G1ð0Þ ¼ B2 þ B4 þ GðpÞ1 ¼ 0
G2ð0Þ ¼  r
2
1þj1þdj2
dj3
B2  r
2
2þj1þdj2
dj3
B4 þ GðpÞ1 ¼ 0
G01ð0Þ ¼ r1B1 þ r2B3 ¼ 0
G02ð0Þ ¼
r21þj1þdj2
dj3
r1B1 þ r
2
2þj1þdj2
dj3
r2B3 ¼ 0
ð80Þ
Using Eqs. 58, 59, 70 and Eq. (74) to solving out for G1(s) and G2(s)
we obtain
G1ðsÞ ¼ A1w1ðsÞ þ A2w2ðsÞ
G2ðsÞ ¼ A1w3ðsÞ þ A2w4ðsÞ
ð81Þ
where, R1, R2, R3 and R4 are as same as case 1. Furthermore,
w1ðsÞ ¼ R1 coshðr1sÞ þR3 coshðr2sÞ þ h1
w2ðsÞ ¼ R2 coshðr1sÞ þR4 coshðr2sÞ þ h2w3ðsÞ ¼ 
r21 þ j1 þ dj2
dj3
R1 coshðr1sÞ  r
2
2 þ j1 þ dj2
dj3
R3 coshðr2sÞ
þ h3
w4 ¼ 
r21 þ j1 þ dj2
dj3
R2 coshðr1sÞ  r
2
2 þ j1 þ dj2
dj3
R4 coshðr2sÞ þ h4
The total normalized deﬂection at position g, and at time s is:
Vðg; sÞ ¼ A1W IðgÞ þ A2W IIðgÞ þ G1ðsÞW IðgÞ þ G2ðsÞW IIðgÞ
¼ A1u1ðg; sÞ þ A2u2ðg; sÞ ¼ ATu
ð82Þ
where
u1ðg; sÞ ¼ ð1þ w1ðsÞÞW IðgÞ þ w3ðsÞW IIðgÞ ð83Þ
u2ðg; sÞ ¼ ð1þ w4ðsÞÞW IIðgÞ þ w2ðsÞW IðgÞ ð84Þ
AT ¼ ðA1 A2 Þ; uT ¼
u1ðg; sÞ
u2ðg; sÞ
 	
Hereinafter we let the A belong to the elli
Zðh;-Þ ¼ A ¼ ðA1 A2 ÞT : ATXA 6 h2
n o
ð85Þ
where X is an 2  2 positive deﬁnite real symmetric matrix and h2
is a positive number. The shape and size of the ellipsoid are deter-
mined by the matrix X and value of h2, which are chosen to repre-
sent available information concerning the variability of the Fourier
coefﬁcients of the initial deﬂection proﬁle. The set of extreme points
of the set Z(h,X) is the ellipsoidal shell:
Cðh;XÞ ¼ A ¼ ðA1 A2 ÞT : ATXA ¼ h2
n o
ð86Þ
Let the Hamiltonian be:
H ¼ ATuþ kðATXA h2Þ ð87Þ
A necessary condition for an extremum is
@H
@A
¼ uþ 2kXA ¼ 0 ð88Þ
From Eqs. (78) and (80), we obtain k as follows.
k ¼  1
2h
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
uTX1u
q
ð89Þ
Using Eqs. (82) and (87) we obtain the maximum value of the
total normalized deﬂection Vmax at the arbitrary position g of the
two-span simply supported beam
Vmaxðn; sÞ ¼ h
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
uðn; sÞTX1uðn; sÞ
q
ð90Þ5. Dynamic displacement responses
Figs. 1 and 2 depict variation of wmax as a function of g, when
the value of the non-dimensional location a = a/L varies from 0.1
to 0.9 at time s = 1 with the increment of 0.1.
The curve is clearly symmetric with respect to 0.5. With the dif-
ferent support-placing, maximum displacement is different. It is
clear that we can regulate the column displacement via different
support-placing.
Figs. 1 and 2 depict the variation of the extremal values of the
maximum displacement with the variation of a/L at speciﬁed time
s = 1. We deduce that the minimum on this curve occurs at a/
L = 0.5, whereas the maximum takes place at a/L = 0.35. Therefore,
we conclude that the support should be placed at a/L = 0.5.
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In this section, we discuss the dynamic behavior of a two-span
beam. Figs. 3 and 4 show the dynamic displacement over time,
with the value for a to be set at 0.2.
From Fig. 3 we see that when d = 0.75, every point is periodi-
cally vibrating with time. The vibration curve of each point is close
to the sinusoidal curve.
Fig. 4 shows the maximum total defection at g = 0.3, 0.4, 0.5 as a
function of time. The axial load ratio is set at d = 3.0 0.2 0.4 0.6 0.8 1
0
η
Fig. 2. Variation of wmax as a function of g (a = a/L = 0.5, 0.6, 0.7, 0.8, 0.9, h = 0.0001,
s = 1).
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Fig. 3. Variation of the displacement vs. non-dimensional time coordinate (a = a/
L = 0.2; g = 0.3, 0.4, 0.5, wmax(0.2) = 0 d = 0.75).
6
x 10-3
0.5
0.47. Extremal bending stress
The strength evaluation is usually one of the most important as-
pects in the structural analysis. Let us consider the bending stress
rðgÞ ¼ MðgÞ
S
ð91Þ
where S = I/h is the section modulus, h is the distance from the neu-
tral surface of the farthest ﬁler, from the neutral axis. For the bend-
ing moment we obtain
MðgÞ ¼ A1H1ðgÞ þ A2H2ðgÞ ð92Þ
H1ðgÞ ¼ d
2u1ðgÞ
dg2
; H2ðgÞ ¼ d
2u2ðgÞ
dg2
ð93Þ
MðgÞ ¼ h
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
HðgÞTX1HðgÞ
q
ð94Þ
Figs. 5 and 6 depict variation of M(g) as a function of g, when
the value of the non-dimensional location a = a/L varies from 0.1
to 0.9 at time instant set at s = 1 with the increment of 0.1.
The curves are clearly symmetric with respect of middle cross
section. With the different support-placing, maximum displace-
ment is different, as expected. It is clear that we can regulate the
column stress via different support-placing.
Fig. 7 depicts the extremal value of the maximum stress (s = 1).
When g = 0.5, the stress attains its minimum. As a result we can
regulate the columns stress via supportplacing.2
3
4
5
w
m
a
x
0.3
8. Evolution dynamic stress over time
Dynamic behavior of a two-span beam, is shown as following
ﬁgures, the value chosen for a = 0.2.
As Fig. 8 illustrates, when d = 0.75 that the stress curve is similar
to the sinusoidal curve.0 0.2 0.4 0.6 0.8 1
0
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η
w
m
a
x
0.1 0.2 0.3 0.4 0.5
Fig. 1. Variation of wmax as a function of g (a = a/L = 0.1, 0.2, 0.3, 0.4, 0.5, h = 0.0001,
s = 1).
0 1 2 3 4 5
0
1
τ
Fig. 4. Variation of the maximum total deﬂection with time (a = a/L = 0.2;
g = 0.3, 0.4, 0.5, wmax(0.2) = 0 d = 3).Fig. 9 shows the stress at two different points on the beam
(g = 0.3 and g = 0.5) as a function of time. The axial load ratio d is
ﬁxed at three. Diagrams of this kind allow one to ﬁnd the envelope
of maximum stress as functions of both space and time.9. Conclusion
In this study we present a systematic investigation of the prob-
lem of spacing an additional support so as to reduce either the
0 0.2 0.4 0.6 0.8 1
0
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0.025
η
M
0.1 0.2 0.3 0.4 0.5
Fig. 5. Variation ofM(g) as a function of g (a = a/L = 0.1, 0.2, 0.3, 0.4, 0.5, h = 0.0001,
s = 1).
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Fig. 6. Variation ofM(g) as a function of g (a = a/L = 0.5, 0.6, 0.7, 0.8, 0.9, h = 0.0001,
s = 1).
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Fig. 7. The extremal value of the maximum stress vs. a/L (s = 1).
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Fig. 8. Dynamic behavior of the two span Beam in time (a = a/L = 0.2; g = 0.3, 0.5
d = 0.75).
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Fig. 9. Dynamic behavior of two-span beam in time (a = a/L = 0.2; g = 0.3, 0.5 d = 3).
402 I. Elishakoff et al. / International Journal of Solids and Structures 50 (2013) 396–402maximum displacement or maximum stress, apparently for the
ﬁrst time in the literature. The extreme responses of the structure
are determined via the convex, non-probability analysis.
We conclude that one can regulate the dynamic behavior of a
column with uncertain initial imperfections by the optimal placing
of supports.
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